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ABSTRACT 

Sound propagat ion through the  open atmosphere i s  s tud ied  a t  MSFC 
mainly f o r  a n  estimate of t h e  a c o u s t i c a l  energy t h a t  sound r a y s  s e n t  up 
by s t a t i c  f i r i n g s  and r e f r a c t e d  back t o  ground l e v e l  may t ransmi t  t o  
inhab i t ed  areas. A t h e o r e t i c a l  expression der ived  i n  an  e a r l i e r  r e p o r t  
(Ref. 1) f o r  t h e  volume d e n s i t y  of r e tu rned  energy is  converted i n t o  an 
express ion  f o r  the corresponding i n t e n s i t y  level t o  acconnnodate i t  t o  
engineer ing p r a c t i c e .  A f i r s t  approximation of t h e  l a t t e r ' s  r e l a t i o n -  
s h i p  t o  the  sound p res su re  l e v e l  (as  an  observable  quan t i ty )  is es tab-  
l i s h e d .  The r e s u l t s  of the theory can thus be compared t o  those  of 
f i e l d  measurements by microphones, and a b a s i s  f o r  t h e o r e t i c a l  p r e -  
d i c t i o n  i s  prepared. 
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DEFINITION OF SYMBOLS 

W 

k0 

T 

E 

V 4 

I = EIvJ 

D e f i n i t i o n  

o s c i l l a t o r y  pressure  

dens i ty  

s p e c i f i c  entrophy 

v e l o c i t y  v e c t o r  i n  a paradigmatic  s inuso ida l  
sound wave of c i r c u l a r  frequency, w 

s u p e r s c r i p t  r e f e r r i n g  t o  condi t ions  i n  the  
undis turbed atmosphere 

wind vec to r  

symbol used t o  denote  the  o v e r a l l  s t a t e  i n  the  
v ibra t i r fg  atmosphere, e..g., 

symbol used t o  des igna te  ampli tude,  e.g., 

( u t  - koW) i p = $e 

( u t  - koW)i w = Ge 

s p a t i a l  coord ina te  

wave number 

t i m e  r equ i r ed  f o r  f u l l  o s c i l l a t i o n  

volumn d e n s i t y  of sound energy 

d i r e c t e d  propagat ion speed of  sound energy 

sound i n t e n s i t y  

i v  



Symbol 

n - 

DEFINITION OF SYMBOLS (Continued) 

Def in i t i on  

re ference  i n t e n s i t y  ( e i t h e r  one of two va lues ,  
1; and I$, are  conunonly used - see p. 4 )  

u n i t  vec tor  i n  the  d i r e c t i o n  of t h e  l o c a l  wave 
f r o n t  normal 

wave speed i n  t h i s  d i r e c t i o n  

V 



DEFINITIONS 

SOUND PRESSURE as recorded by instruments  is t h e  square r o o t  of t he  
t i m e  average of p2: 

REFERENCE PRESSURE: p 9 ~  = 0.0002 microbar.  

'm 
SOUND PRESSURE LEVEL: 20 lOg,o 

I INTENSITY LEVEL: 10 l o g l o  

P: power of t he  sound source.  The r e fe rence  va lue  f o r  t he  power is 
taken as w a t t ,  s o  t h a t  POWER LEVEL is given by: 

P 
D = 10 log - 10-13 

A f u l l e r  mode of w r i t i n g  the  l e f t  s i d e  ind ica t e s  the r e fe rence  value:  
D db r e  w a t t .  The u n i t  f o r  l e v e l s  is always the  dec ibe l .  

C(O) =/?: (0) thermodynamic sound speed i n  the  undis turbed atmosphere. 

v i  



TECHBICAL MEMORANDUM X-53035 

ON SOUND INTENSITY AND SOUND PRESSURE LEVELS 

SUMMARY 

An expression i s  g iven  f o r  the rearr ival  i n t e n s i t y  level of sound 
emit ted by a po in t  source,  i f  a n  i n f i n i t e s i m a l  r a y  bundle,  w i thou t  
experiencing phys ica l  a t t e n u a t i o n  of energy, i s  r e tu rned  t o  the  h o r i -  
zon ta l  plane on which the  source is s i t t i n g .  I t s  r e l a t i o n  t o  the  sound 
p res su re  l e v e l ,  so  f a r  known only i n  the  case of plane and s p h e r i c a l  
waves, has been s e t  up i n  genera l  using a f i r s t  approximation approach. 
It was  found t h a t  the  sound pressure  l e v e l  a t  ground i s ,  i n  many cases ,  
n o t  g r e a t l y  d i f f e r e n t  from the i ~ t e n s F t -  Y ?eve?, arid L L - L  LM L tiit: dir ' ference 
can be e a s i l y  computed. A t h e o r e t i c a l  va lue  of t h e  sound p res su re  level 
i s  thus made a v a i l a b l e  which may be compared t o  t h e  sound p res su re  l e v e l  
as determined experimental ly  a t  any given r e t u r n  d i s t ance .  

I. THEORETICAL INTENSITY OF RETURNING SOUND RAYS 

Common p r a c t i c e  i n  ca l cu la t ing  sound r a y  p a t t e r n s  assumes t h a t  
r ays  which leave  the  po in t  source i n  a v e r t i c a l  ha l f -p lane  do n o t  
swerve from t h i s  plane l a t e r  on s o  t h a t  a two-dimensional t rea tment  
becomes poss ib le .  Bundles of these r ays  may r e t u r n  t o  the  ground a t  
source  level. I f  t he  plane can be d iv ided  up i n t o  ho r i zon ta l  l a y e r s  
i n  which the  propagat ion v e l o c i t y  of sound v a r i e s  l i n e a r l y  wi th  h e i g h t  
a lone ,  i t  i s  poss ib l e  t o  g ive  a n  e x p l i c i t  formula f o r  t he  landing d i s -  
tance ,  xs, of such r ays  which, a s i d e  from f i x e d  parameters, depends on 
the  i n i t i a l  angle ,  eo ,  of r a y  e leva t ion :  

I n  Reference 1, the  volume dens i ty ,  E ~ ,  of t he  a c o u s t i c a l  energy t r a n s -  
mi t t ed  t o  ground l e v e l  by an i n f i n i t e s i m a l l y  small ray  bundle,  w i th  
nea r ly  equal angles  of depa r tu re  around eo, i s  g iven  a s  



where E i s  the volume d e n s i t y  of energy found on the  s u r f a c e  of a sphere 
of s u f f i c i e n t l y  s m a l l  r ad ius  F about  the source." S t r i c t l y  speaking, 
the  va lue  of C ought t o  be determined exper imenta l ly ;  however, i f  the  
a c o u s t i c a l  power of the  source i s  known, the  product  Z2 can be calcu-  
l a t e d  from it t o  some degree of accuracy. I n  de r iv ing  t h e  express ion  
( l ) ,  physical  a t t e n u a t i o n  of energy i s  not  taken i n t o  account  (while i t  
inc ludes  the e f f e c t s  of geometr ical  r ay  spreading o r  compressing). The 
numerical va lue  found f o r  c S  is  the re fo re  an  upper bound r a r e l y  o r  never 
obtained i n  p r a c t i c e .  

F i e ld  measurements of re turned  sound energy are  u s u a l l y  quoted i n  
terms of sound pressure  l e v e l s .  It i s  d e s i r a b l e  t o  e s t a b l i s h  a c o r r e l a -  
t i o n  between the  observa t iona l  r e s u l t s  and t h e  t h e o r e t i c a l  p r e d i c t i o n  (1) .  

Since acous t i ca l  r ays  a r e  def ined a s  the  propagat ion l i n e s  of 
energy, the volume element dA ds of a r ay  tube can be ass igned  the  
energy dens i ty  E ,  so  t h a t  

dE = E dA ds 

i s  the mean v i b r a t i o n a l  energy contained i n  the  element. I f  V i s  the  
propagation v e l o c i t y  a t  the  l o c a t i o n  considered,  t he  a r c  l eng th  element 
d s  i s  equal t o  Vdt, and 

dE = c V dA d t .  ( 2 )  

This r e l a t i o n  w i l l  f i r s t  be used t o  compute ?F2. 
a c o u s t i c a l  power l e v e l  of t he  po in t  source i s  known t o  be 

Assume t h a t  the 

PWL = D db re  10-l" w a t t  

which means t h a t  t he  power, P,  of the source i s  

D-130 
10 w a t t .  P = 10 

( 3 )  

( 4 )  

fi The symbol E r ep laces  the  symbol p a s  used i n  Reference 1, s i n c e  the 
l a t t e r  w i l l  denote  gas  d e n s i t y  i n  the  p re sen t  r e p o r t .  

2 



While i n  a c l o s e  neighborhood of t he  source,  t he  propagat ion 
v e l o c i t y  can be taken as constant  w i t h  he igh t ;  the presence of wind 
w i l l  cause i t  t o  have d i f f e r e n t  va lues  depending on the  azimuth, cp, a t  
which the ver t ica l  plane under cons idera t ion  i s  erec ted .  

A hal f - sphere  wi th  t h e  s m a l l  r a d i u s  P about  t h e  source can be  
div lded ( m a p .  F igure  i) i n t o  v e r t i c a l  s l ices  of opening angle  dcp whose 
s u r f a c e s  are 

Through each of t hese  elements passes the energy 

p e r  u n i t  t i m e ,  provided that  t h e  r a d i a t i o n  i s  uniform i n  a l l  d i r e c t i o n s .  
It follows from r e l a t i o n  (2) that  

where Z is  the  volume dens i ty  of energy on the  s l i c e  su r face ,  and V o  
i s  t h e  propagat ion speed near  the  source.  Thus, 

The va lue  of the  
d i r e c t i o n  of t he  
s i d e r e d  as p o i n t  

product  a t  l e f t  depends on Vo, i.e., on the  azimuthal  
v e r t i c a l  p lane  se lec ted .  Extended sources  can b e  con- 
sources  i f  f a r - f i e l d  e f f e c t s  a r e  of i n t e r e s t  only; 

however,, t h e i r  r a d i a t i o n  might not be  i s o t r o p i c .  Re la t ion  (5) then  
o f f e r s  an  approximation only. In severe cases one would have t o  r e s o r t  
t o  measurements of t he  energy r ad ia t ed  i n  t h e  d i f f e r e n t  d i r e c t i o n s ,  t h e  
t o t a l  amount being of no use  i n  these circumstances.  

3 



From r e l a t i o n  ( 2 )  the  i n t e n s i t y ,  i .e. ,  the energy passing p e r  u n i t  
time through the u n i t  f r o n t a l  a r e a , i s  seen t o  be 

When t h e  r a d i a t i o n  a r r i v e s  a t  t he  ground a g a i n , €  = c S ,  V = Vo; expres-  
s i o n  (1) may then be  w r i t t e n  as 

- P 1  wa t t s  
Is 2fi xs Idxsl l eng th2  - -- SQ cotg eo  

The re ference  l e v e l  f o r  i n t e n s i t i e s  i s  v a r i o u s l y  g iven  i n  the  
l i t e r a t u r e ,  e i t h e r  a s  

w a t t s  J- 

1'; = 10'13 - or  a s  
( f t ) 2  

I2 = 10-16 w a t t s  
cm2 

Since l ( f t ) 2  = 9.29 x 10' cm2, these  va lues  are  n e a r l y  equal .  They 
correspond roughly t o  the  minimum i n t e n s i t y  r equ i r ed  f o r  a 1000 cps 
sound e x c i t a t i o n  t o  be r e g i s t e r e d  by the  average person. 

I n t e n s i t y  l e v e l  i n  db i s  def ined  as 1 0  t i m e s  t he  Briggs'  logar i thm 
of the  r a t i o  ISIF'. Since 

one ob ta ins  from the express ion  (7)  and the  two conventions (8),  t h a t  

wa t t s  1 7 1 D - 8 + 10 loglo - I h I  cotg eo  db r e  
xs dxs 

wa t t s  
cm2 

1 &  1 cotg eo db r e  
xs  dxs 

+ 22 + 10 loglo - I 

4 



The numerical va lue  of D i s  connected wi th  t h a t  of t he  source ' s  acous- 
t i c a l  power by formula ( 4 )  or  (3). The argument of t he  logarithm, f o r  
a piecewise l i n e a r  v e l o c i t y  d i s t r i b u t i o n  depending on he igh t  a lone,  can 
be obtained from the  express ions . (31)  and (33) der ived i n  Reference 1. 
For c o r r e c t  computation of t he  i n t e n s i t y  l e v e l  i t  is  necessary t o  
express  the  landing d i s t ance ,  xs, which o r i g i n a l l y  may be given i n  any 
a r b i t r a r y  Iccgth tinit,  lii  'Lentis or' ft o r  cm, r e spec t ive ly .  

For example, i f  the propagation v e l o c i t y  is a l i n e a r  and increas ing  
func t ion  of he igh t ,  t he  argument of t he  logari thm f o r  small i n i t i a l  r a y  
e l e v a t i o n s  eo is roughly l/xsz. 
s ions  (9)  then g ive  

A t  xs = 3 lan d i s t a n c e  the  two expres- 

w a t t s  'm I L  = [D - 87.871 db r e  

I L  = [D - 87.541 db r e  wat5s . 
cm 

The r e s u l t s  are nea r ly  equal ,  because the  r e fe rence  i n t e n s i t i e s  a r e  
almost equal. These f i g u r e s ,  a s  w a s  mentioned be fo re ,  do not  a l low 
f o r  t he  e f f e c t s  of phys ica l  a t t enua t ion  through molecular absorp t ion ,  
t u r b u l e n t  s c a t t e r i n g  and the  l i k e .  

For poss ib l e  p r a c t i c a l  app l i ca t ions ,  i t  may be  mentioned tha t ,  i n  
Reference 2, t he  a c o u s t i c a l  power l e v e l  f o r  a Saturn boos te r  d e l i v e r i n g  
1.5 x l o 6  pounds of t h r u s t  has been est imated as 

PWL = 209 db r e  w a t t ,  

so  t h a t  D = 209 i n  t h i s  case. The exhaust  v e l o c i t y  was taken as 
8500 f t / s e c ,  and it  was assumed t h a t  one percent  of t he  j e t ' s  t o t a l  
power i s  converted i n t o  a c o u s t i c a l  power. This f i g u r e  i s  n o t  very  
d e f i n i t e ;  f o r  example, 1 / 2 %  i s  sometimes quoted i n  t h e  l i t e r a t u r e  f o r  
s t a t i c  tests of Saturn and Jup i t e r .  Then, D = 202. 

11. FIRST APPROXIMATION LINKS I N  A SOUND PULSE 

I n  experimental  p r a c t i c e ,  sound p res su re  l e v e l s  r a t h e r  than 
i n t e n s i t y  l e v e l s  a r e  measured. For comparison wi th  observa t iona l  
evidence, i t  appears  necessary t o  s e t  up a t h e o r e t i c a l  r e l a t i o n s h i p  
of t he  average i n t e n s i t y  (9) and the average sound pressure  e x i s t i n g  



i n  a pulse.  A f i r s t  o rder  approximation t o  t h i s  r e l a t i o n  has  been 
obtained by Blokhintzev [ 3 ] ,  al though i n  a somewhat cursory  manner; 
t h e  d e r i v a t i o n  fur thermore uses  assumptions made elsewhere i n  t h e  
t r e a t i s e  and n o t  mentioned again.  
ing t o  t h e  r e l a t i o n s h i p  i s  d e s i r a b l e ,  and i s  g iven  he re .  The nota- 
t i o n  used i s  t h a t  of Reference l (except ing energy d e n s i t y  which i s  
now c a l l e d  E). 

A f u l l e r  account  of t h e  way lead-  

The s t a t e  of t h e  undis turbed atmosphere ( including t h e  wind v e l o c i t y  
v e c t o r )  i s  allowed t o  change from spo t  t o  s p o t ,  b u t  n o t  s o  i n  t i m e ;  it 
i s  s teady  i n  t h e  aerodynamic sense.  An upper index ( 0 )  w i l l  be  used t o  
c h a r a c t e r i z e  i t .  

A sound d is turbance  wandering a c r o s s  t h e  s t a t i o n a r y  atmosphere w i l l  
in t roduce a time dependency i n  such o s c i l l a t o r y  q u a n t i t i e s  a s  v e l o c i t y  
(E), pressure  (p ) ,  d e n s i t y  ( p ) ,  s p e c i f i c  entropy ( s ) ;  the  l a t t e r  r e p l a c e s  
t h e  customary q u a n t i t y  of temperature.  "Sound pressure"  a s  observed 
w i l l  be t h e  r o o t  mean square over t he  o s c i l l a t i o n  time: 

Pm =s. 
This i s  t h e  q u a n t i t y  which i s  t o  be r e l a t e d  t o  t h e  energy d e n s i t y .  For 
plane o r  po in t  sources  i n  a windless  and c o n s t a n t - s t a t e  atmosphere, t h i s  
can be achieved by so lv ing  the  wave equat ion (comp., e .g . ,  Ref. 4 ) .  
However, the mathematical d i f f i c u l t i e s  a r e  a l l  bu t  insurmountable i n  
more complex (and more r e a l )  cases  s i n c e  then t h e  s tandard  form of t h e  
wave equation cannot be obtained from the aerodynamic equat ions.  An 
approximation procedure must be invented b e f o r e  one can hope f o r  r e s u l t s  

The s t a t e  of t he  inhomogeneous and a n i s o t r o p i c  atmosphere descr ibed  
above may be w r i t t e n  a s  

6 



The wave i s  considered a s  c rea t ing  an  o s c i l l a t o r y  pe r tu rba t ion  i n  
terms so small  t h a t  t h e i r  squares  and products  can be neglec ted  ( l i n e a r  
a c o u s t i c s ) .  A s o l u t i o n  i s  sought of the time-dependent " loca l"  aero-  
dynamic equat ions desc r ib ing  the pulse motion a s  e x i s t i n g  w i t h i n  a small 
neighborhood of space. I n  i t ,  the o s c i l l a t o r y  q u a n t i t i e s  can be taken 
a s  being i n  phase f o r  nea r ly  plane waves, and even wi th  s p h e r i c a l  waves 
i f  the wave number is Large; t h i s  r e s u l t  i s s u e s  from the r igo rous  t r e a t -  
ment of such waves (comp., e.g., Ref. 4 ) .  I f  one takes  t h i s  as  t r u e  f o r  
gene ra l  wave forms, t h e  o s c i l l a t o r y  q u a n t i t i e s  may be  w r i t t e n  a s  

e t c . ,  wi th  the  s a m e  o s c i l l a t i o n  argument 

applying t o  a l l  of them. A r ep resen ta t ive  c i r c u l a r  frequency (w) and 
wave number (k,) a r e  thus introduced; W s tands  f o r  a s p a t i a l  coord ina te  
(which w i l l  be  taken i n  the  d i r e c t i o n  of the long i tud ina l  o s c i l l a t i o n  a t  
the  g iven  s p o t ) .  The wave number k0 i s  considered l a r g e  ( rap id  o s c i l -  
l a t i o n s ) .  This  renders  the approximation less t rus twor thy  f o r  long-wave 
sound for 'which ,  however, ray  acous t i c s  a r e  of doubt fu l  va lue  anyway s i n c e  
d i f f r a c t i o n  e f f e c t s  caused by atmospheric tu rbulence  may become no t i ceab le  
i f  no t  dominant. On the  o the r  hand, wi th  ko l a r g e ,  t h e  ampli tudes may be  
expanded i n  terms of l/it0, which s t e p  i s  fundamental i n  Blokin tzev ' s  
approach t o  the  problem: " 

5; An expansion of 

p + ..., etc. 1 A 1 + -"'I 
iko - iko + - $ 1  + ..., p = ^p' 

t h i s  kind i s  n o t  f e a s i b l e  i f ,  i n  express ions  (12), t he  
real r a t h e r  than t h e  complex r ep resen ta t ion  is  chosen. The ind ispensable  
r e l a t i o n  (13) can then be  obta ined  by making use  of t h e  l o c a l  c h a r a c t e r  
of t h e  so lu t ion :  The o s c i l l a t i o n  amplitudes, t h e i r  change i n  t ime and 
space,  and the  l o c a l  change of the "undisturbed" parameters must a l l  be  
considered small. It i s  found again that  t h e  f i r s t  approximation (13) 
should improve i f  ko is  la rge .  

7 



Terms wi th  n primes are c a l l e d  he re  t h e  n t h  approximation of t h e  a m p l i -  
tude i n  ques t ion  (by B. t he  (n- l ) th) .  
approximations, the  aerodynamic equat ions are a v a i l a b l e ;  one f i n d s  t h a t  
they  can be  divided through by the  o s c i l l a t i o n  t e r m  ei@. 
shown t h a t  the q u a n t i t i e s  w and ko have no bear ing  a t  a l l  on r a y  p a t t e r n s  
and energy contents  and t h a t ,  i f  i n s t ead  of the  s i m p l e  o s c i l l a t i o n s  (12)  
a sum o r  s e r i e s  of superimposing l i n e a r  o s c i l l a t i o n s  i s  prescr ibed ,  t h e  
equat ions for  the  amplitude approximations remain unchanged. They are 
obtained as a group of f i v e  f o r  each approximation, s o  t h a t  t he  co r re s -  
ponding amplitudes of t he  v e l o c i t y  v e c t o r ,  of t he  p re s su re  and t h e  
entropy can be determined. (By t h e  equat ion  of s ta te ,  taken a s  
p" = R F  ?(z, Y), the d e n s i t y  has  been removed a s  an  e x p l i c i t  q u a n t i t y . )  

For t h e  de te rmina t ion  of t hese  

It can be  

Regarding the  f i r s t  approximation, i t  i s  found t h a t  = 0 and that  
t h e  remaining amplitudes are governed by t h e  equat ions 

A ?  2 9 - 0  p grad W = 0 
P 

where c(O) is  t h e  thermodynamic sound speed a t  t he  l o c a t i o n  where the  
o s c i l l a t i o n  takes  p lace  a t  t he  moment. This  system of four  a l g e b r a i c  
equat ions i s  homogeneous s o  t h a t  one of t he  unknowns, e.g., the  f i r s t  
approximation p res su re  amplitude c ' ,  may be  p re sc r ibed  a t  w i l l .  It 
must and can be  given an approximate d e f i n i t i v e  va lue  only i f  the  power 
of the  source i s  known and i f  a r e l a t i o n s h i p  of t h e  i n t e n s i t y  l e v e l  (9) 
(which conta ins  the  power i n  t h e  q u a n t i t y  D) and t h e  sound p res su re  
l e v e l  i s  es tab l i shed .  The above homogeneous system has s o l u t i o n s  d i f -  
f e r e n t  from zero on condi t ion  t h a t  i t s  determinant  i s  zero ,  l ead ing  t o  
the  requirement 

(0) q = c  I grad W I . 
It is  seen t h a t  t he  meaning of t he  q u a n t i t y  q i s  of no i n t e r e s t  i n  t he  
p re sen t  context ;  i t  can be removed, f o r  example,  from t h e  f i r s t  equa t ion ,  
t o  g ive  
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where n i s  the  u n i t  v e c t o r  i n  the d i r e c t i o n  of grad W ,  i .e . ,  i n  t he  
d i r e c t i o n  of the wave f r o n t  normal. This r e l a t i o n  w i l l  prove t o  be 
material  i n  s e t t i n g  up the  des i red  connection of E and pm. 
a l s o  t h a t  t h e  f i r s t  approximation t o  the o s c i l l a t i o n  v e l o c i t y  i s  normal 
t o  the  wave f r o n t  a t  the s p o t  considered, as i t  ought t o  be wi th  longi -  
t u d i n a l  o s c i l l a t i o n s .  

It shows 

An equat ion  connecting v i b r a t i o n a l  p re s su re  and d e n s i t y  i s  a l s o  
needed. Taking entropy and dens i ty  as the  independent v a r i a b l e s ,  the  
o s c i l l a t o r y  p re s su re  may be  expanded i n t o  a Taylor s e r i e s  

s=o s=o 

which, i n  l i n e a r  acous t i c s ,  may b e  t runca ted  a f t e r  t he  f i r s t  two terms. 
The p a r t i a l  d e r i v a t i v e s  can be obtained from the  equat ion  of s ta te ;  on 
r ep lac ing  temperature by s p e c i f i c  entropy,  i t  assumes the  form 

The undis turbed s t a t e  of t h e  atmosphere i s  independent of p and s, so  
t h a t  logar i thmic  p a r t i a l  de r iva t ion  wi th  r e s p e c t  t o  p and s g ives  

On applying t h e  condi t ion  p = 0, s = 0 one f i n d s  t h a t  

a s  

9 



This equat ion holds  f o r  the ampli tudes $ e t c . ,  as w e l l ,  s i n c e  the  
common f a c t o r  e<@ cancels  out."' I n  the  f i r s t  approximation (2' = 0 )  
we have 

111. LOCAL RELATIONSHIP OF INTENSITY LEVEL AND SOUND PRESSURE LEVEL 

The k i n e t i c  energy contained i n  a pu l se  i s  obtained by s u b t r a c t -  
ing the  d r i f t  o r  "undisturbed" energy from the  t o t a l  k i n e t i c  energy; 
i t s  volume dens i ty  i s  the re fo re  

On using the approaches ( l l) ,  t h i s  g ives  

For determining the  average of K over the  o s c i l l a t i o n  per iod ,  T ,  one 
b e s t  changes the  complex i n t o  t h e  r e a l  r e p r e s e n t a t i o n  employing, e .g . ,  
t he  cos ine  func t ion  

ei' -3 cos(@ + phase term). 

As the  i n t e g r a l s  over t he  odd powers of t he  cosine func t ion  vanish  and 
t h a t  over the square i s  T f 2 ,  

0 

5; So does t h e  o s c i l l a t o r y  term i n  t h e  r e a l  r ep resen ta t ion .  

1 0  



The second term i n  t h i s  expression is  c l e a r l y  caused by the  presence of 
t he  wind ( ~ ( 0 ) ) ~  which takes  the o s c i l l a t i o n  along. 
twice the  average  of t he  s p e c i f i c  k i n e t i c  energy contained i n  the  v ib ra -  
t i o n  i t s e l f  and i s  the re fo re ,  i n  a l i n e a r  o s c i l l a t i o n ,  equal t o  twice 
t h e  time average of t he  s p e c i f i c  p o t e n t i a l  energy e x i s t i n g  i n  the  pulse .  
The la t te r  must be added t o  obta in  the  volume d e n s i t y  of t he  t o t a l  
v i b r a t i o n a l  energy which thiis ezer-cs as 

The f i r s t  term is 

6 

I f  f o r  t he  q u a n t i t i e s  p̂ and G t h e i r  f i r s t  approximations a r e  introduced,  
they may be rep laced  by 6' wi th  the a i d  of t he  r e l a t i o n s  (13) and (15). 
Since 

one f i n d s  that 

The propagat ion v e l o c i t y  of the  energy being 

t h e  express ion  (6) f o r  t he  i n t e n s i t y  then g i v e s  

Formula (18) i s  the  des i r ed  r e l a t i o n  between the  average i n t e n s i t y  
and the  measured sound p res su re  i n  a f i r s t  approximation. Upper  i nd ices  
(0) r e f e r  t o  the  s t a t e  of t he  atmosphere a t  t h e  l o c a t i o n  occupied by the  
pu l se  a t  a given moment. A s  a r u l e ,  t hese  q u a n t i t i e s  are func t ions  of 

11 



space (but  no t  of t i m e  i n  a s teady  atmosphere). 
wind v e l o c i t y  is  s m a l l  when compared t o  the  square  of the  thermodynamic 
sound speed (as common p r a c t i c e  assumes), i t  can be shown [I]  t h a t  

I f  t he  square of t he  

where Vf i s  the speed wi th  which the  wave f r o n t  moves i n  d i r e c t i o n  of i t s  
l o c a l  normal (wave speed).  With t h i s  s i m p l i f i c a t i o n ,  

0 )  I n  a windless  atmosphere [w( - 
form 

= 01, express ion  (18) assumes the  f a m i l i a r  

which r u l e  comes o u t  he re  as a f i r s t  approximation r e s u l t ,  b u t ,  f o r  
plane and sphe r i ca l  waves, can be  der ived  from the  r igo rous  s o l u t i o n  
of t h e  wave equat ion;  see, e.g., Reference 4. It a p p e a r s  now t h a t ,  as 
a f i r s t  approximation, t h i s  r e l a t i o n  has  a much wider scope. 
confined t o  s p e c i a l  types of waves t h a t  can e x i s t  i n  a homogeneous 
atmosphere ( ~ ( 0 )  c (0 )  = cons t . ) ;  i n  f a c t ,  t he  only r e s t r i c t i o n  made i s  
the  absence of wind. 

It i s  no t  

AS a n  immediate a p p l i c a t i o n ,  we may determine t h e  v a l u e  of t he  
a c o u s t i c a l  impedance, $cik, r e l a t e d  t o  the  r e f e r e n c e  p res su re  

and e i t h e r  one of t he  two va lues  g iven  f o r  t h e  r e fe rence  i n t e n s i t y  1" 
i n  formula (8). One f i n d s  t h a t  

1 2  



a 
P 

These f i g u r e s  may be compared t o  those holding i n  a homogeneous 
tmosphere a t  sea level condi t ion  everywhere. Reference 5 g ives ,  on . 222, t h a t  a t  s e a ' l e v e l  

0) c (  = 344 m/sec, p ( ~ )  = 0.00121 g/cm3; 

the re fo re ,  

This agrees  wi th  the  f ind ings  from the model atmosphere publ ished i n  
Reference 6 ,  where we l e a r n  that, a t  sea level, 

T ( O )  = 288.16"K -+ c (O) = 340 m / s e c ,  from p. 1-10 

p ( O )  = 1.225 kg/m3, from p. 1-13, so  t h a t  a g a i n  

C (O) p(O) = 41.6 ,& . d e sec 
cm 

I n  such a sea level atmosphere t h e  i n t e n s i t y  level i s  numerical ly  
n e a r l y  equal  t o  the  sound pressure  level. Indeed, t h e  equat ion  holds  
b y  (20) 1 : 

and the  second term a t  l e f t  i s  found as 0.49 db and 0.17 db w i t h  t h e  
r e f e r e n c e  va lues  IT and 1s. With h igh  l e v e l s ,  small d i f f e r e n c e s  l i k e  
t h e s e  might b e  considered as n e g l i g i b l y  small, and the sound p res su re  
level may b e  taken as equal t o  the i n t e n s i t y  level. However, i n  t h e  
real atmosphere, t he  a c o u s t i c a l  impedance may markedly d i f f e r  from 
p*c*. The d i f f e r e n c e  may then amount t o  several dec ibe l s .  

For example, consider  t he  atmosphere as two-dimensional as def ined  
i n  Reference 1. Assume furthermore that  the  r a y  i n c l i n a t i o n  is always 
small and t h a t  t he  wind i s  ho r i zon ta l ,  so that t h e  express ion  f o r  t he  
wave (and energy propagation) speed can be  w r i t t e n  i n  the  simple form 

Vf = do) + u 1  
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where u1 i s  the component of the  h o r i z o n t a l  wind i n  the  azimuthal  h a l f -  
plane t o  which the  sound r ay  p a t t e r n  i s  confined i n  the  two-dimensional 
ana lys i s .  Expression (19) which i s  p e r t i n e n t  h e r e  can now be s e t  i n t o  
the  form 

From the model atmosphere given i n  Reference 6 i t  i s  seen t h a t ,  a t  4 km 
he igh t ,  f o r  example, 

p ( O )  = 0.819 kg/m3, T ( O )  = 262.18"K i c (O) = 324 m/sec 

I f  we take  u1 as 10 percent  of c(O), t he  second term a t  l e f t  assumes t h e  
va lues  

- 2.3 db and - 2.6 db 

f o r  the  re ference  i n t e n s i t i e s  1; and 1;. 
l e v e l  h igher  he re  than t h e  sound p res su re  l e v e l .  

By s o  much i s  the  i n t e n s i t y  

I n  passing it may be noted t h a t  IT w i l l  always produce a d i f f e r e n c e  
t h a t  i s  by = 0.32 db a l g e b r a i c a l l y  l a r g e r  than t h a t  caused by I;, s i n c e  

The main a p p l i c a t i o n  of r e l a t i o n  (23) w i l l  be  a t  the  r e a r r i v a l  
l o c a t i o n s  of r a y s  a t  source l e v e l .  It can then be  s a f e l y  assumed t h a t  
the logarithmand of t h e  second term w i l l  r a r e l y  d e v i a t e  much from u n i t y  
except  a t  extremely h o t ,  cold,  and/or  windy days. By and l a r g e ,  t he  
impedance p(0) c(0)  w i l l  be c l o s e  t o  40, and the  f a c t o r  
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w i l l  b e  near  uni ty .  I n  many cases,  t he  i n t e n s i t y  l e v e l  w i l l  be  d i f -  
f e r e n t  from the  sound p res su re  l eve l  by a f r a c t i o n a l  db-number only. 
However, s i n c e  the  computation by express ion  (23) of the  d i f f e r e n c e  is  
simple,  one may p r e f e r  t o  take account of i t  a s  a m a t t e r  of r o u t i n e .  
The t h e o r e t i c a l  sound pressure l e v e l  is then known somewhat more 
a c c u r a t e l y  than when merely equating it w i t h  t he  i n t e n s i t y  level. The 
choice of I" w i l l  a f f e c t  t he  value of p7'c* t o  be used i n  the  i n t e n s i t y  
and sound p res su re  level r e l a t i o n  (23); see expressions (22). 
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FIGURE 1. SURFACE ELEMENT O F  THE HALF-SPHERE ABOUT THE SOURCE 
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